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Abstract

Alower bound for the ADM mass is established in terms of angular momentum, charge,
and horizon area in the context of maximal, axisymmetric initial data for the Einstein—
Maxwell equations which satisfy the weak energy condition. If, on the horizon, the
given data agree to a certain extent with the associated model Kerr—-Newman data, then
the inequality reduces to the conjectured Penrose inequality with angular momentum
and charge. In addition, a rigidity statement is also proven whereby equality is achieved
if and only if the data set arises from the canonical slice of a Kerr—-Newman spacetime.

Keywords Penrose inequality - Angular momentum - Axisymmetry - Weyl
coordinates - Harmonic maps

1 Introduction

Consider a simply connected, asymptotically flat initial data set (M, g, k, E, B) for the
Einstein-Maxwell equations. Here M is a Riemannian 3-manifold with metric g, k is a
symmetric 2-tensor representing the second fundamental form of the embedding into
spacetime, and (E, B) represents the electromagnetic field. The non-electromagnetic
matter energy and momentum densities are given by
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167 ftem = R + (Trg b)* — kI — 2(EJg + |BJ}),
87 Jom = divg(k — (Trgk)g) + 2E x B, (1.1)

where R is the scalar curvature and E x B represents cross product. It will be assumed
that the weak energy condition te;,, > 0 holds, the data are maximal Trg k = 0, and
that there is no charged matter

divy E = divg B = 0. (1.2)

In addition, the data are taken to be axisymmetric in that the isometry group of (M, g)
admits a subgroup isomorphic to U (1), such that all other quantities defining the data
are invariant under this U (1) action. The Killing field generator will be denoted by
n. Moreover, we will say that the initial data are asymptotically flat if there exists an
end Mg C M diffeomorphic to R3 \ Ball, so that for some € > 0 in the asymptotic
coordinates

1 1
gij =8+ 0u(r727¢), dgij € L*(Mend), kij = Op—1(r*72), (1.3)
tems Ty Jom (M) € LY (Meng),  E' = Op—1(r™),
. 3
B = 0,107, A> > £>5. (1.4)

Heuristic arguments originally due to Penrose [23] suggest the inequality

—+— —= =~ whenever A>4n/0*+472, (1.5)

m> T (Q*+472)
167 A

where m is the ADM mass, A is the event horizon cross-sectional area, and the total
angular momentum and charges take the form

1 o 1 .
=3 /Soo(kij — (Trgk)gij)v'n’, Q.= - . Ep',
1 .
Op = /s B;v', (1.6)

with Q2 Q2 + Q ;- In these formulas S represents the limit as » — oo for coordi-
nate spheres S, in the asymptotic end, and v is the unit outer normal. Inequality (1.5)
was proposed as a check on the final state conjecture and weak cosmic censorship,
in that a counterexample would essentially disprove at least one of these grand con-
jectures. Details concerning the heuristic derivation of this most general form of the
Penrose inequality are provided in [14]. Furthermore an independent heuristic moti-
vation for this inequality, based on Bekenstein’s entropy bound [3], has been given in
[18].

In order to prove Penrose type inequalities it is customary to replace A in the
maximal case with the area of the outermost minimal surface, and in the general case
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with the minimum area required to enclose the outermost apparent horizon. Therefore,
the manifold (M, g) will be taken to have a boundary consisting of a single component
minimal surface. Note that simple connectivity then implies that the boundary must
be topologically a 2-sphere, regardless of whether this surface is stable. Moreover, the
auxiliary inequality of (1.5) is not needed in the single black hole case, since when
the minimal surface is stable the area-angular momentum-charge inequality is known
to be automatically satisfied [12,13,15].

The Penrose inequality without angular momentum and charge was established in
the time-symmetric case through the ground breaking work of Bray [4] and Huisken—
Ilmanen [17]. As shown in [26], the addition of charge to this inequality requires the
additional assumption of the area-charge inequality in the multiple black hole case.
This version of the Penrose inequality was then established in [20,21] by general-
izing Bray’s conformal flow. Inequalities providing a lower bound for the mass in
terms of angular momentum and charge, which are implied by (1.5), have also been
thoroughly established [7,8,10,11,19,24]. However, it turns out that including horizon
area together with angular momentum is quite difficult. In fact, there appear to be only
two results in the literature to date in this direction [1,2], and the approach taken in
those articles is based on inverse mean curvature flow. In contrast, the present paper
focuses on the techniques used to establish the mass-angular momentum inequali-
ties, namely minimizing renormalized harmonic energies. We refer the reader to the
excellent survey [22] for a more detailed account concerning the status of the Penrose
inequality.

The results presented here rely on the existence of Weyl coordinates. These are
cylindrical type coordinates (p, z, ¢) with p > 0, —00 < 7 < 00,0 < ¢ < 27 that
are typically associated with the study of stationary axisymmetric black holes, and
play an important role in that setting by helping to reduce the Einstein equations to
the study of a harmonic map. Details describing this coordinate system for the present
situation are given in the appendix, and are discussed in the next section. It has been
shown in [9] that such a coordinate system exists more generally for simply connected,
asymptotically flat initial data sets. In these coordinates the metric takes the form

g=e2UT2dp? 1 dz?) + p*e Y (de + A,dp + A.dz)?, (1.7)

where nn = 9 is the rotational Killing field, and all the coefficient functions are smooth
and axisymmetric. In these coordinates the minimal surface horizon is identified with
the interval (—my, mo) on the z-axis. The constant my > 0 is uniquely determined
by the geometry of the initial data, and 2mg will be referred to as the horizon rod
length. The functions U and « exhibit singular behavior at the horizon, and this may
be modeled by the corresponding functions Uy, « arising from the Schwarzschild
solution having mass mg. We may then write U = Uy +U and @ = o + @, where the
remainders U and @ are now uniformly bounded and possess bounded first derivatives
even at the horizon. These ‘renormalized’ functions measure the deviation from the
Schwarzschild solution. An important combination of these two which appears in the
horizon area formula is f := @ — 2U. For the Kerr black hole this quantity may
be expressed nicely in terms of surface gravity, see Appendix B. In what follows
the ADM mass/energy of the initial data will be denoted by m, and we note that the
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asymptotically flat asymptotics (1.3) guarantee that total mass and energy agree, that
is the ADM linear momentum vanishes. Our main result may then be stated as follows.

Theorem 1.1 Let (M, g, k, E, B) be a simply connected, axisymmetric, maximal,
asymptotically flat initial data set for the Einstein—-Maxwell equations with minimal
surface boundary, having nonnegative energy density jLen > 0, no charged matter, and
satisfying the compatibility condition for the existence of a twist potential Jop () = 0.
Let Ay and Ek denote the horizon area and Weyl coordinate function for the unique
Kerr—Newman black hole sharing the same angular momentum, charge, and horizon
rod length as the initial data set. Then

4"

Ay 0% w(Q*+4TH 1 (M0 A
m > \/E ) AL Z/;mo(ﬁ(o, z) — Bi(0,2))dz, (1.8)

and equality occurs if and only if the initial data agree with that of the corresponding
Kerr—Newman spacetime.

The hypotheses of this theorem are in agreement with those expected for the conjec-
tured Penrose inequality with angular momentum and charge, except for one missing
statement. Namely, in the above result the minimal surface boundary is not required to
be outerminimizing, meaning it is not required to have the property that every surface
which encloses it has area greater than or equal to A = |9 M |. This property is neces-
sary, however, for the actual Penrose inequality as counterexamples are known to exist
without it. Thus, Theorem 1.1 holds under more general circumstances than those for
which the Penrose inequality can be valid, and so the resulting inequality (1.8) must
differ from (1.5). Indeed, the most apparent difference arises from the presence of the
horizon rod integral involving the functions B and B, which does not appear in the
Penrose inequality. This integral measures the discrepancy between the initial data
and the model Kerr—Newman solution. It is unknown at this time whether this horizon
integral is nonnegative under the current hypotheses. One may speculate that nonneg-
ativity is not necessarily guaranteed unless the boundary is outerminimizing. After
all B, like the outerminimizing condition, is non-local. Another difference between
(1.8) and the conjectured inequality is the presence of the Kerr—Newman horizon area
Ay, instead of A, although the algebraic structure of this part of the inequality is the
same. Despite these differences, one may achieve the desired Penrose inequality under
additional assumptions. In particular, if we assume that the initial data is appropri-
ately similar to the model Kerr—Newman solution at the horizon then the conjectured
inequality follows.

Sorollary 1.2 Under the hypotheses of Theorem 1.1, assume further that A > Ay and
B is constant on the horizon rod, then

m >

2 4 2
\/Ak L0 m0 4T 19

167 2 Ay
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and equality occurs if and only if the initial data agree with that of the corresponding
Kerr—-Newman spacetime. In particular, if A = Ay then the Penrose inequality with
angular momentum and charge holds.

This type of result may be considered a generalization of that of Gibbons and
Holzegel in [16], who established the Penrose inequality without contributions from
angular momentum and charge by utilizing the advantages of Weyl coordinates. In that
paper they also had a more stringent condition than that of Corollary 1.2, concerning
the agreement between the initial data and associated Schwarzschild solution on the
horizon. Another related result is that of Chrusciel and Nguyen [9] who utilize a related
coordinate system referred to as pseudospherical coordinates, and obtain a mass lower
bound in terms of the horizon rod length.

This paper is organized as follows. In Sect. 2 we obtain the preliminary mass lower
bound arising from Weyl coordinates, and relate it to a reduced harmonic energy.
Section 3 is dedicated to examining the various asymptotics of relevant quantities in
Weyl coordinates, and in Sect. 4 it is established that the Kerr—Newman black hole
is a global minimizer of the reduced harmonic energy. Finally, Sect. 5 is dedicated to
the proof of the main results. Two appendices are included to discuss technical issues
related to the metric coefficients in Weyl coordinates near the poles of the horizon, as
well as the computations to show the relationship between f and surface gravity in
the Kerr setting.

2 The mass formula and reduced harmonic energy

An initial data set (M, g, k) as in Theorem 1.1 admits a global set of Weyl coordinates
[9] (p, z, ¢) in which the metric takes the form (1.7) and the scalar curvature is given
by [5]

2e2UT2R = 8AU —4A, a —4|VU* — p2e 2 (3.A, — apAZ)z, 2.1

where A is the Laplacian with respect to the flat metric on R3 and A 0,7 = 8/2) + 8?. Since
there is a single black hole, or rather one minimal surface boundary component, the
z-axis is broken up into three intervals or ‘rods’ (—oo, —my), (—mg, mg), (Mg, 00) in
which the two semi-infinite rods are the axis and the finite rod represents the horizon
boundary dM. The value mop > 0 is uniquely determined by the geometry of the
initial data. Let Uy and o denote the metric coefficients in Weyl coordinates for the
Schwarzschild solution having this same rod structure; note that 1 is then the mass of
this Schwarzschild spacetime. If ry = /p2 + (z — mg)? andr_ = /p? + (z + my)?
denote the Euclidean distances to the poles p = (0, mg) and p_ = (0, —my) in the
pz-plane, then

1 r— +ry —2mg 1 (r— + r+)2 — 4m(2)
Up==-log———, ap = = log .
2 ry +r— 4+ 2mg 2 4r_ry

(2.2)
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These functions blow-up on the horizon but are finite along the axis. In particular

Uo

mo 1 1
——4+0(=), wo=0[-= asr:=+/p?+ 72 = oo, (2.3)
7 r2 r2

1 _
Up = = log (Z m0>+0(p2), a0 = 0(p?) asp— Oand |z| > mo + €,
2 Z+mo

2.4)
Up=logp+ 0(Q), ap=1logp+ O(l) asp—O0and|z| <mg—e€, (2.5

where € > 0. These Schwarzschild coefficients play the role of singular part for the
metric coefficients of (1.7). That is, we may write U = Uy +Uanda = oo +a where
U and @ remain bounded. In fact, this decomposition has the following regularity
properties which are proved in the appendix and rely on the minimal surface condition
at the boundary.

Lemma 2.1 Under the assumptions of Theorem 1.1 the renormalized functions U
and o are smooth away from the horizon rod, and have continuous first derivatives
everywhere except possibly at the poles p+ where they are bounded. At infinity U =
O1(r V2= and @ = O,(r=Y*¢) for some € > 0.

Let us now use this decomposition of the metric coefficients to compute the ADM
mass. Recall from [9] that if Sy, represents the limit as r — oo for coordinate spheres
S, then the mass is given by

1 o
m=— [a,(zU —a)+ —] do. (2.6)
8 Soo r

The boundary terms at infinity in this formula arise from integrating the scalar curvature
formula (2.1). Observe that

/11&3 A, adx = /RZ 2mpAp adpdz

+

= lim 2 (a — popa)dz + lim / 2w (pora — a sinB)ds
r—>o0 Japt

e—0 p=¢

= lim 2 (o — pdpa)dz +/

e—0 p=¢ Soo

(a,a - 5) do. 2.7
r
Here Dr+ is the half disk of radius r, and p = r sin 6 and z = r cos 6. Furthermore
/ AUdx = / 0,Udo — lim 2mpd,Udz, 2.8)
R3 o e=0Jp=¢
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and since Uy = 0, (r’l) as r — oo with Uy harmonic

|VU|2dx=/ |V (U + U)|dx
R3 R3
= f3 (IVU* + V(Uo +20) - VUp) dx
R

= |VU|2dx—11m/ (U0+2U)apuoda+/ (Uo +20)d, Updo
p=¢ Soo

g

/ VU *dx — lim an(Uo +20)d,Updz. (2.9)

Therefore by integrating the scalar curvature formula, and putting all these computa-
tions together, we find that

— 1 1
87Tm — / |:|VU|2 + 5€_2U+2aR + sze—zot(aZAp _ apAz)z] dx
R3

+ lim [4703,U + 27 (e — pd,y0r) — 27p(Up + 2U)3,Uo | dz

p=¢
(2.10)
Consider now the boundary integrals in (2.10). Computations show that
lim pd,Udz = lim £d,Up (g, 2)dz = 2my, (2.11)
e—0 p=¢ e—0 p=¢
and
lim [a — pdpa — p(Up +2U)3,Up| dz
e—0 p=¢
=lim [ _, (a0 + & — pdpatg — Up — 2U) dz
|z|<mo
mo .
=/ (¢ —2U)(0, 2)dz. (2.12)
—mo

Furthermore, simple connectedness and the divergence free condition for the electric
and magnetic fields gives rise to electromagnetic potentials [19, Section 2]

where F is the field strength tensor and x denotes the Hodge star operation. Similarly

the compatibility condition J,,,,(n) = 0 guarantees the existence of a charged twist
potential

dv=k(n) xn—xdy+¥dy. (2.14)
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Since the initial data are maximal, nonnegativity of the energy density ite,, > 0implies
the following lower bound [19, Section 2] for scalar curvature

e6U720¢ )
Vv + xVir — Vx|

e4U—2a

R > |kl +2(E[; + |BIY) = 2

+2 (Vx> + |Vy]?). (2.15)

Putting all this together yields the mass lower bound

U
z—/ < VP + S iVot Ve =99l + S (Vx4 19 ))

+ —/ @(0, z) —2U(0, 2))dz + my. (2.16)
—my

Related formulas were obtained in [6,9] and [16] in different settings.
The volume integral on the right-hand side of (2.16) is directly related to the har-
monic energy of maps between R? \ I' — H2, where I' = {p = 0, |z| > myo} is the

axis. More precisely, let U= (u,v, x,¥): R3 \I' > Hé and consider the harmonic
energy of this map on a bounded domain @ c R3\ I':

Eq(¥) = / [Vul?> + e*|Vo+ x Vi — ¢ Vx| + e (|vx|2 + |VI//|2) dx
Q
(2.17)

Set u = U — logp, then the reduced energy Zg of the renormalized map ¥ =
(U, v, x, ¥) is related to the harmonic energy of ¥ by

To(V) = Eq(¥) +/ QU + Uy — log p)d, (log p — Up)do, (2.18)
Q

where v denotes the unit outer normal to the boundary 92 and

AU e2U
Ig(xm:f VOP + = 1Yo 2V =9Vl o+ = (1928 + VY P ) de.
(2.19)

Observe that the volume integral of (2.16) is exactly the reduced energy on R3, which
will be denoted by Z(W). The relation (2.18) is established through an integration by
parts, using the fact that log p and Uy are harmonic on R3 \ I". Namely
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To(V) = /Q (19 = Up +1og ) + eIV + x Vi =V + (VP + V) d
= /Q [Vu)? + VQu — Up +log p) - V(log p — Up)dx
+ /Q Vo + VY =y VP + (VI + VY P
= /Q (19u + 1V + x Vi =y Vx 2 + 2 (VP + 991D ) dx
+ LQ(2u — Uy +log p)d,(log p — Up)do

= Eq(V) + / QU + Uy — log p)d, (log p — Up)do. (2.20)
Q2

The functional Z may be considered a regularization of E since the infinite term
f [V(log p — Up) |2 has been removed, and since the two functionals differ only by a
boundary term they must have the same critical points.

Let \Ilk = (Ui, Vi, Xk, ¥x) denote the harmonic map associated with the Kerr—
Newman solution, and let Wy be the corresponding renormalized map where u; =
Ur —logp = Ui+ Uy — log p. It follows that Wy is a critical point of Z. As will be
shown in Sect. 4, W, realizes the global minimum for 7.

Theorem 2.2 Suppose that W = (U, v, x, V) is smooth and satisfies the asymptotics
3.4)-(3.14). If vir = vk, xIr = xklr, and ¥|r = Y |r then there exists a constant
C > 0 such that

1
(W) —Z(¥) > C (/ dist%, (W, q/k)dx) ) (2.21)
R3 C

This is a key result in the proof of the main theorem. Inequality (2.21) together
with the mass formula (2.16) yield a lower bound for the ADM mass in terms of
the reduced energy of the unique Kerr—-Newman harmonic map possessing the same
angular momentum, charge, and horizon rod length as the given initial data. Since this
Kerr—Newman harmonic energy is computed to have the correct expression for the
Penrose inequality, the desired result (1.8) follows. Details of the proof are given in
Sect. 5.

3 Asymptotics in Weyl coordinates

In order to minimize the functional Z (W) it is necessary to choose the appropriate
asymptotics for the map W. The asymptotics will be guided by the principle of having
a finite reduced energy, however the convexity minimization argument of the next
section will in general require stronger asymptotics than that which is optimal for
integrability. It will be useful to first record the asymptotics of the Schwarzschild
metric coefficients near the poles, namely a computation shows that
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Vo — O(VJIF/Z) asry — 0and z > my,
Yo = O(pr;]/z) asry — 0 and z < my, 3.1

% =0(pr=""%) asr_ — Oandz > —my,

P =00 asr_ — 0and z < —my, (3.2)
et = o (ri/?) asry — 0. (3.3)

According to Lemma 2.1 we have
UeC™®), U=0,("""% asr— oo, (3.4)

which is enough to guarantee that the first term of Z(W) is finite. Consider now the
potential terms and set w = dv + xdy¥ — ¥dx. In order to achieve integrability at
infinity and near the axes away from the poles we will require, for A > %, the following
asymptotics

| =p>0¢™"), Vx| +|V¥|=p0G™") asr— oo, 3.5)
lwl = 0(p?), |Vx|+IV¥|=0(p) asp—> 0and|z| >mg, (3.6)
x|, [¥| = const + p2O(r™")  asr — oo, (3.7)
|x|, || = const + O(pz) as p — 0 and |z| > my, 3.8)

from which it follows that

Vol = pO(r™Y) asr — o0, |Vu|=0(p) asp— Oand|z| > mo.
3.9)

It remains to prescribe asymptotics near the poles and in a neighborhood of the
horizon rod. By (3.1), eV = 0(}’3_) or eV = 0(,04;"_:2) near p4 if z > mg or
z < myg respectively. It follows that the second term in Z(\W) is integrable near p4 if

ol = 200 %) forz=mg, ol =00)%) forz<mg. (3.10)

Similarly, near p_ we will impose

-3

ol = 02 forz> —my, |o|=p*00 "% forz<—mg. (3.11)
Analogous considerations lead to the condition near p4

Vx| + VYl =pO@}") forz=mo,  |Vx|+|Vy|=0(1) forz<m,
(3.12)
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and near p_

Vx| +IVy| = 0) forz>—mo, |Vxl+|V¥|=p00Z") forz < —mo.
(3.13)

Next observe that since eV = O(p) near the interior of the horizon rod, if
lo| =|Vx| =|VY| = 0(1) as p — 0 and |z| < my, (3.14)

then the last two terms of the reduced energy are integrable in this region.

Lastly we record additional asymptotics that follow from above and will be needed
in the following section. Assuming that the value of the potentials on the axes agree
with those of the potentials for the Kerr—Newman map W;, we may integrate on lines
perpendicular to the axes and near p4 to obtain

v — vkl 4+ Ix — xel + ¥ — ¥l = O(p*ry")  asry — Oand |z| > my.
(3.15)

For |z| < my, integrating on horizontal lines will not yield such an estimate since the
two sets of potentials do not necessarily agree on the horizon rod. Thus, we integrate
along radial lines emanating from the poles p+ to find

lv—wvel +1x —xkl +1¥ =il = O0(@rx)  asre — Oand |z] < mo. (3.16)

4 Minimizing the functional

In this section it will be shown that the renormalized Kerr—-Newman harmonic map
Wy is the global minimizer of the functional Z, among competitors W satisfying the
asymptotics of Sect. 3. This is based on the convexity of harmonic energy E for non-
positively curved target spaces under geodesic deformations. Such a strategy has been
used successfully in connection with mass-angular momentum-charge inequalities in
[8,19,24], where the minimizer arises from extreme black holes. Here we will extend
this method to the setting of nondegenerate black holes. The difficulty arises from the
fact that the convexity property does not pass directly from E to Z since the energy
is applied to singular maps. To get around this problem a cut-and-paste procedure is
employed in which the regularized map W is approximated by maps Ws . which agree
with W, on certain domains. More precisely, let §, & > 0 be small parameters and
set Qs e = {8 <re; r <2/8; p > e}and As, = Bys \ Qs,¢, where Bys is the
coordinate ball of radius 2/8. Then ¥s . = (U(g,g, Vs.es X8.e, Vs.e) Will be constructed
so that

supp(Us.e — Uk) C Bays,  Supp(Vs,e — Uk, Xs.e — Xk» Ws.e — ¥k) C Qs e
4.1)
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If \Ifgyg, t € [0, 1] is a geodesic in Hé connecting \115178 = \Ilg,g and \flgyg = \i/k, then
\flg,g = Wy outside By/s and vfm = v, ngg = Xk»and Iﬁg!g = v on a neighborhood

—t — — — . .
of As .. We then have that Us, =Ur+1t(Use — Uy) on this domain. The fact that
this expression is linear in 7, together with convexity of the harmonic energy produces

d? . 5
mz(wg,g) >2 /R IV distye (W0, W) Pdx. 4.2)
Furthermore, since Wy is a critical point it follows that
dI(‘I" MNi=0 =0 (4.3)
dr” o eel=0 = '

The gap bound of Theorem 2.2 is then obtained by integrating (4.2), applying a Sobolev
inequality, and taking the limit as §, ¢ — 0. Each of these steps will now be justified.
Repeated use of the asymptotics in Sect. 3 will be made, sometimes implicitly without
reference to a particular equation.

The following cut-off functions are needed to construct the approximations Ws .
Namely

0 ifry <6,
05 = { Vsl <2 if§ <ry <2, 4.4)
1 ifrj: > 26,
1 ifr < 1,
pi=11Vell<2s  ifl<r<2, 4.5)
0 ifr > 2,
0 ifp<e,
b= \awem e <p<VE 46)
1 if p > /e

The first step deals with neighborhoods of the poles p4+. Let Fs (V) = (ﬁ, vs, Xs, ¥s)
where

(vs, X8, ¥s) = (ks Xb» Y) + @5 (v — Vi, X — Xk ¥ — Yi), 4.7
so that the potentials of F5(W) and W agree on Bs(p+) U Bs(p—).
Lemma 4.1 Suppose that ¥ = Yy outside Bys, then lims_.o Z(Fs(V)) = Z(W).

Proof Write

I(F5(W)) = Z [Zrs<5(F5 (W) + Ts <y <25 (F5(¥))] + Lrin25(F5 (W), (4.8)
+
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where r1 > 2§ denotes the complement of Bas(py) U Bas(p—). Then according to
the dominated convergence theorem (DCT)

Lri228(Fs (V) = Lr,205(W) — Z(V). (4.9)

Furthermore since the potentials of F5(\W¥) and Wy agree onr4 < §, and eV < celk as
|ﬁ| and |ﬁk| are bounded near p4, the second and third integrands of Z,, .5(Fs(¥))
converge to zero in light of the finite reduced energy of Wy. The firstintegrand involving
|[VU| also tends to zero since this function remains bounded.

Now consider

Ié<ri<28 (fﬁ (“IJ))
64U €2U
VU + los? + (V5% + Vs ),
S<re<268 S<ry<28 P S<ry<28 P
I I I3
(4.10)
and note that /; — 0 by the DCT. Next compute

ws = s + (1 — gs)wp + (v —vR) Vs + Qe — Vi x) Vs @11

+@s(1 = @) [(f = YiVX = x1) = (X = X))V = ¥,

and use properties of the cut-off function to find

€4U €4Uk €4U €4U
2 2 2 2
hec| ol + o2+ v — el + ¥ — vax
S<rqg <268 1Y 1Y ryLp rIp

AU
+ Cf (1 = W PIVOC= 0P + 11 =PIV = o).
S<ry<28 P
(4.12)

The first and second terms converge to zero by the DCT and finite reduced energies of
W and W. The third term may be estimated with the help of (3.15) and (3.16), namely

€4U
/ 3 4|U_Uk|2§/ cr?-0, (4.13)
S<ry<28 YL p S<ry<28

and similar considerations apply for the fourth term. For the fifth term employ (3.12),
(3.13), (3.15), and (3.16) to find

4U

e
| SwewPNG-wPs [ e @
$ S<ry<2§

<ry<28 P

and similarly for the sixth term. This shows that I — 0. Lastly, analogous reasoning
yields I3 — 0. o
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Consider now the asymptotically flat end and set
F3(0) = Wi + 5 (W — Wp), (4.15)
so that .7-'51 (W) = W on R3\ By/5. Then as is shown in [19, Lemma 4.2]

lim T(FH (W) = T(w). (4.16)

Next we treat the cylindrical regions around the axis and horizon rod, and will make
use of the domains

Cse=1{p <& 8<rg r<2/8}, (4.17)
Wi, =f{e<p < e 8 <rur=<2/8 |zl > m), (4.18)
Wie=le <p<+e 8 <rei |zl <m) 4.19)

Let gé‘ (\I]) = (Uv Ve, Xe» W@) Where

(Ves Xe» Ye) = (Uks Xk> Vi) + G (U — vk, X — Xk» ¥ — Vi), (4.20)

so that the potentials of G, (W) and Wy agree on p < &.

Lemma4.2 Fix § > 0. Assume that the potentials of W and Vi agree on Bs(p+) U
Bs(p-), and W = Wy outside Bys, then lim,_,o0 Z(G.(V)) = Z(V).

Proof Write

I(gs (‘IJ)) = IClg.s (gs (\Ij)) + IWBIE (gg(\Il)) + IWLgZF (gs (\I’))
+ s\ ¢ uw uwz ) (Ge (V). @21

Since the potentials of W and Wy agree on Bs(p4+), the DCT and finite reduced energy
imply that

iy o) ow2 ) (Ge (W) = T(W). (4.22)

Furthermore since the potentials of G, (V) and Wy agree on Cs ¢, and eV < ceVr on
this region, the second and third integrands of ICM (G (W)) converge to zero in light

of the finite reduced energy of Wy. The first integrand involving |VU| also tends to
zero since this function remains bounded.
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The domain Wél . concerns a neighborhood of the axis of rotation, and therefore
ngl (Ge(W)) — 0 according to Lemma 4.4 of [19]. Now consider

—H e4U 5 62U 5 5
Iwgf(ge(\v)):/w VU +/W2 — el +fw2 —r (VP + 19w,

8.& 8,6 3,e
I 163 I
(4.23)
and notice that I; — 0 since |VU | remains bounded. Next observe that
we = e+ (1 — P wp + (v —v)Ve + (k¥ — Y x) Ve (4.24)

+ ¢ (1 = )W = VIV (X — x) — (X — i)V — Y]

The asymptotics of the cut-off function then yield

o, et 2 2 2 2 2
L<C 2 Flwl +7|wk| + (loge) " p v —v|” + (loge) "o~ | xk ¥y — Y x|
8,e

£ [ (0= mPIV 0= 0P + 1 =PIV = i P).

8.

(4.25)

The first two terms converge to zero by the finite reduced energies. Furthermore accord-
ing to (3.14), |[v — vi| = O(1) and thus

/ (loge) v — > < c/ (loge) 2p~2=0 ((1ogg)*1) — 0.
W52,5 62,5

(4.26)
Analogous considerations may be used to treat the fourth term. Lastly, since |{ — |

and |V(x — xx)| remain bounded the fifth term tends to zero, and similarly for the
sixth. ]

We are now in a position to construct the appropriate approximation to W via the
cut and paste operations by composition

Use =G (7 (FW)). (4.27)
Then according to (4.16) and Lemmas 4.1 and 4.2,

lim lim Z(W;.) = Z(V). (4.28)
§—0e—0

Proof of Theorem 2.2 As in the introduction to this section let \flé . be the geodesic
deformation connecting Wy to \ilg,e. Due to the properties of the approximation the

@ Springer



118  Page 16 of 23 M. Khuri et al.

first component of the geodesic is Uf;, e = Ui+t (Ug, c—Ur)on As ¢, and in particular
distH% (W56, W) = |U3,8 — Uk| on this domain. These two observations, together
with the asymptotics near the poles p+ show that one may differentiate under the
integral sign to directly compute the second variation and find

2

d - |
a0z [ 2T TP = [ 2V disy (s 0P,

8.e A(S,s

(4.29)

On the domain €25 ¢, the relation (2.18) between reduced and harmonic energies may

be used. Due to the linearity of U;’ ¢ in ¢, the boundary term of (2.18) vanishes when
computing the second variation so that

d? d? - , 5
WIQB,S(LIJ;,E) = WEQS,E(\IJ(QE) > /Q 5 2|V disty (Ws.e. W%, (4.30)

where the inequality is obtained from the convexity of harmonic energy [24]. Since
Qs . and Aj ¢ are complementary in By/s, and the geodesic deformation is constant
outside of this large ball, it follows that (4.2) holds.

Next, let § < 8 and & < ¢, and observe that since Wy is a critical point

d _ _ _ _ _ _
ST (Wi li=o =) / 2Us.e — Ur)dUp — / 2Us.e — Up)dyUs,
4 ' + JO0Bs(p+) 3Cs 5

4.31)

where v is the unit normal pointing towards infinity. In addition, using the constancy
. . . =1
of the potentials and linearity of Uy , on Aj ; we find that

€4Uk

2
||
o

d - -
EIA&E(‘%S)I;:o = / 2VUk - V(Us,e —Uk) +4Us,e — Uyp)
8,8

D A 2 2
+ [ 2@ =TS (VuPH1VWP). @
.

Since |U| + |VU| is uniformly bounded, (4.31) tends to zero as € — 0 followed by
8 — 0, and the same holds for (4.32) since it may be estimated by the reduced energy
of Wy on Aj ;.

We may now integrate (4.2) two times and use a Sobolev inequality to obtain the

inequality (2.21) of Theorem 2.2 with W replaced by Ws .. Inlight of (4.28), the desired
result follows by taking the limits as ¢ — 0 and then § — 0. O
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5 Proof of the main results

We first show that under the assumptions of Theorem 1.1 the potentials and quantities
arising from Weyl coordinates satisfy the asymptotics stated in Sect. 3. Lemma 2.1
guarantees that U behaves in a manner consistent with (3.4). Next, as is shown in [19]

66U—2a

—IVv+ x VY — ¢ Vx|* < [kl3. (5.1)
0

Consider a domain near the poles p+ with |z| > myo, then using (3.1)—(3.3) we find
that

Vv + x Vi — Vx| = 0(p%e Ve Ut = 0(p*r1), (5.2)
since |k|, remains bounded. Similarly if |z| < mg
Vv + % Vi — Vx| = 0(p*e Ve Ut = 0(r)?), (5.3)

which confirms (3.10) and (3.11). Near the horizon rod away from the poles, that is
|z| < mo, the asymptotics (2.5) imply

Vo + xVy — ¥ Vx| = O(p?e Ve V) = O(1), (5.4)

confirming part of (3.14).
For the electromagnetic potentials recall that from [19],

4U -2« 5 ) ) 5
= (IVxP+1vy ) < |ER +1BE. (5.5)

Again the right-hand side is bounded near the poles, so for |z| > m( we have
Vx| +Vy| = 0(pe” e ") = 0(pri ), (5.6)
and for |z| < mg
Vx| + V| = 0(pe”e™"*) = 0(1). 5.7

This shows that (3.12) and (3.13) hold. Analogously, near the horizon rod with |z| <
mo

Vx| + Vil = 0(), (5.8)
which fulfills (3.14). Furthermore the asymptotics in a neighborhood of the axis, (3.6)

and (3.8), may be obtained in similar fashion. Lastly, (3.5) and (3.7) follow from
asymptotic flatness.
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We are now in a position to establish Theorem 1.1. As shown above, the map
W arising from the initial data satisfies the hypotheses of Theorem 2.2. Therefore,
together with (2.16) the following lower bound for the mass is achieved

mo

m > iz(\pk) + 1 f (@(0, 7) — 2U(0, 2))dz + my. (5.9)
8 4

—mg

Let my and A; denote the mass and horizon area of the Kerr—Newman solution asso-
ciated with the map W. Then since the Kerr—Newman solution is known to saturate
the Penrose inequality

A 02 w04 +4T7)

mig = +_
1 1 [mo o
= 1(P) + f @k (0, 2) — 2Ux(0, 2))dz + m.
8 4 J
It follows that
Ag 02 (0% +472) 1/-m0 . B
“Vier T 2 1 0,2) — B(0,2))dz, (5.11
"2 et Tt A T, FO-BO .2z G

which is the desired inequality. In the case that this inequality is saturated we must
have W = W; by Theorem 2.2. Several other quantities arising from the derivation of
(2.16) vanish, from which it may be shown that the initial data (M, g, k) agrees with
that of the canonical slice of the Kerr—-Newman spacetime; details are given in [19,
Section 2].

We will now establish Corollary 1.2. If 8 is constant on the horizon rod then

L mo g 1 "o A
e2m f—mo B(0,z)dz — / eﬂ(o,z)dz — 5. (512)
2mo J_m, 16 mg

The same equality holds for B, A replaced by B, Ay since By is also constant on the
horizon. Therefore if we assume that A > Ay, then
moy __ my
B0, z)dz = B (0, 2)dz, (5.13)

—mo —mo

which together with (5.11) yields the desired inequality. The case of equality here is
treated as above. O

Appendix A. Weyl coordinates

Here we prove Lemma 2.1. In [9] the existence of Weyl coordinates was established
by first constructing so called pseudospherical coordinates (o5, z5, ¢), in which the
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initial data boundary d M is represented by a semi-circle of radius 32 about the origin
in the pgzs-plane. This contrasts with Weyl coordinates in which the boundary takes
the form of an interval on the z-axis in the orbit space. Pseudospherical coordinates
are valid on the planar region C1 \ D2 = {ps +izs | ps > 0,1y > mo/2}, where
rS2 = ,os2 + z?. In these coordinates the metric takes the standard ‘Brill’ form

g =e U (dp? +dz}) + ple Vi (do + Apdps + Aydz). (A)

This structure for the metric is preserved under any coordinate change of the plane
which yields a conformal transformation, and Weyl coordinates are a particular exam-
ple of this. The metric coefficients are axisymmetric, smooth up to the boundary in
C4 \ Dy /2 with oy = 0 on the z,-axis, and satisfy the fall-off

—1/2—¢ —1/2—¢ —3/2—¢ —3/2—¢

Us = 010y ), as = 01(rs ), Aps = 01 (rg ), Az =01y ).

(A2)

Weyl coordinates (p, z, ¢) are constructed from pseudospherical coordinates as
follows. Define complex coordinates {; = ps + izs and ¢ = p + iz and consider the
holomorphic diffeomorphism f : Cy \ Dy,2 — C4 given by

2 2
2 2 my 2 mo
_ _ my _ Ps("s - T) _ Zs(rs + T)
é- - f(;s) - gs 4§s = P = rsz y L= Vs2 °
(A3)
Observe that
9 2
9 M (A.4)
aé’s 4;3‘

which is smooth up to the boundary of C; \ D> and is nonzero except at the
points s = :t%i . Thus by the inverse function theorem, the inverse transformation
is holomorphic and has bounded derivatives away from the poles { = £mgi of the
horizon. Near these points we have

C
< AS
TG F Rl (B>

_ mo ¢,
>C 1|§Y:F71| = |=

‘3_5
o

dEs

In particular, all first derivatives of the real and imaginary parts admit the bound

o
ap

9
9z

92y
ap

% €

—_— A.6
9z | 7 1&s F Bl (Ao

near the poles.
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The relationship between U, o of Weyl coordinates and Uy, «g of pseudospherical
coordinates is given by [9]

2
P 15512 — 2
U(p,z) = Us(ps,z5) —log—,  a(p,z) = as(ps, z5) + log 5
1Y 2 4 My
I&5 +
(A7)

Note that the second term on the right-hand side of both expressions depends only on
the coordinate transformation. For the Schwarzschild solution

2rg + mo

US,O(IOS’ ) = —2 lOg
2ry

’ aS,O(pSs ZJ) = 07 (A.S)

and the expressions for the Schwarzschild data Uy and o in Weyl coordinates may
then be obtained from the above formulas. We may then write U = Up + U and
o = ap + o where

U(p,2) :=U(p,2) = Up(p, 2) = Us(ps, z5) = Us,0(ps, zs), (A.9)

and

a(p,z) =a(p,z) —ap(p, 2) = as(ps, 25)- (A.10)

It immediately follows that U and & are uniformly bounded and satisfy the desired
decay at infinity. Furthermore since Uy, Uy o, and o are smooth, the regularity prop-
erties of U and @ depend on the coordinate transformation £, and the only possible
issues arise at the poles.

Consider the partial derivative

U _ <8Us - —BU“’°> s 4 (aUS - aUS’O) Oz (A1)
ap aps aps /) 9p 0zs dzg ) dp
Since the horizon is a minimal surface
ad 1 2 U, o mo
—(U. — —q.) = — = =52 h = —. A.12
3}”5( s 2013) "o ors when ry ) ( )

In particular this holds at (ps, z5) = (0, £mg/2). Moreover, since oz = 0 on the axis
and 0,, coincides with £, there, we have

W, U
s _ 250 (o, :i:@) —0. (A.13)
0z 0Zs 2

Next, use the fact that all functions are axisymmetric to find

o (0£7) =52 (027) =0 (19
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Therefore the first derivatives of Us — Uy, o vanish at the poles. This, combined with
the smoothness of this function up to the boundary, shows that even though 9, po; and
d,zs may blow-up at these points in a manner controlled by (A.6), the full expression
(A.11) remains bounded. Similar considerations may be used to treat the 3, U and the
derivatives of .

Appendix B. Relation of (3 to surface gravity

Here we compute 8 = & — 2U on the horizon rod for the Kerr black hole. Let us recall
the constant time slice Kerr metric g, in Weyl coordinates [25]. We will denote the
mass and angular momentum of the Kerr metric by m and J = ma, while the notation
for half the horizon rod length will be mq. Then

Gkerr = e_zukerr+2ake)'r (d,O2 + dZ2) + Ioze_ZUkerrd(pZ’ (Bl)

where

2 2 ) 5
eizUk‘-’”+2akerr — mo (r+ +r-+ 2m) +a (r+ _ r_)

) B.2
4m%r+r_ ®-2)

pze_ZUkerr

_ m(z) (r++r—+ 2m)2 —|—a2(r+ — r_)2 p2
m% ((r+ +ro)?— 4m2) +a2(ry —ro)?

2
[am(r+ +r_ + 2m)(4m% —(ry+ — r_)2)]

I:m% ((r+ +ro)? -~ 4m2) +a2(ry — r,)z] [m% (rg +7r— + 2m)? + a’(ry — r,)2] ’
(B.3)

with ry = Y :02 +(@z=* m0)2- Write Uerr = U + Ukerr and Okerr = Q0 + Ckerrs
where Ug and «q are the corresponding Schwarzschild functions. It follows that for
|z] < mo we have

— 1 m2(m + mo)2
Ukerr(0.2) = 2 log (m%)(m +mo)? +a2z? )’ B4

and

2 2 2272
_ my(m +mo)~ +a”z
Ukerr (0, 2) = = log [ 0 ]

B.5
2 4mim2(m + mo)? (B-5)
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Notice that 7 = 0 implies that Uy, (0, 2) = @rerr (0, ) = 0 as expected, since half

the

horizon rod length is given by

my = (B.6)
We now have that on the horizon rod
- _ - m(m + mo)
Brerr(0,2) = Ukerr (0, 2) — 2Uerr (0, 2) = log — 5 = 0. B.7)
2my
Consider now the surface gravity of the Kerr black hole
4 _ 72
K = m—J . (B.8)
2 (m3 + mvm* — jz)
Comparing the two formulas produces
Brerr (0, 2) = — log(4moc). (B.9)
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